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Abstract

LoRA adapters have become the canonical method for injecting new knowledge
and behavior into a pretrained model, yet their physical limits are not yet fully
understood. This work measures the capacity of adapters to both memorize and
generalize by training on DataDecide OLMo checkpoints between 20M and 1B
parameters. On random fact tables, we observe that an adapter stores about 1.2 bits
per trainable parameter, a third of full training. Capacity follows a law conditioned
on adapter size and base model quality and can be predicted on a held-out 1B base
within 36% error. Pretraining can raise the most capacity when base models are
small, and capacity alone does not decide whether an adapter can generalize to
rule-based facts. On modular addition, an adapter groks only above a fixed count
of high rank and sufficient base quality. Finally, we propose a simple method for
finding the minimum required rank a task required from one full-finetuning run,
observing that real-world tasks require roughly 15 times less rank than modular
rules.

1 Introduction

While pretraining distills human knowledge into a large-scale model, post-training is a key step for
adapting large language models (LLM) to downstream tasks and shaping their behavior. Currently,
due to the high costs of compute and data required in pretraining, downstream adaptation is often the
only avenue to inject new knowledge into a model, via algorithms like supervised finetuning (SFT)
and reinforcement learning (RL).

In [Hu et al., |2022], task-specific weight updates are discovered to be very low-rank, leading to the
wide adoption of LoRA adapters. Specifically, for a frozen pretrained weight W, € R4** LoRA
reparameterizes the finetuned weights as W5 = B A, with trainable matrices B € R4xT A e R™*k,
and rank » < min(d, k). Since A and B only cost r(d+k) parameters, instead of dk, it is much
more memory- and bandwidth-efficient to train, store, and move around a LoRA adapter compared to
full finetuning. For instance, an inference server can maintain many { A, B} in memory to swap and
batch together payload requests. In the continual learning setting, LoORA weights could also serve as
a form of memory [Back et al.| 2026].

Despite this flexibility, neural networks are known to have physical limitations. |Allen-Zhu and Li
[2025]] previously find that neural networks can store about 2 bits per parameter from training on
synthetic biographies. For LLMs, Morris et al.| [2025] estimate LLMs to memorize around 3.6 bits of
text per parameter, with grokking occurred once the size of the dataset exceeds capacity. In this work,
we study the limitations of LoRA adapters in storing new knowledge acquired entirely via low-rank
post-training.

On a synthetic set of both random and rule-based facts, we isolate the storage patterns of language
models and LoRA adapters. Leveraging the DataDecide OLMo suite [Magnusson et al., [2025]], we
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Figure 1: An adapter fills up, then forgets. Bits memorized against training set size on one shared
table, one base per panel (150M, 300M, , 1B), ranks 1, 4 and 16 from light to dark. Every curve
rides the D log, V' diagonal until it peaks at its capacity (hollow ring o). The shaded band past each
ring enters the forgetting regime, where new rows might overwrite stored ones.

measure LoRA capacity as a function of both the number of parameter and base model quality as
measured by pretrained token count. We make the following contributions:

Capacity can peak but does not hold a ceiling. On model sizes ranging from 20M-1B, we
find a LoRA adapter to store about 1.2 bits per trainable parameter, roughly a third of full
training. Stored bits can decline up to 36% once continuous training overwrites what model
previously holds (hollow rings o in Figure[T).

A scaling law fit for capacity. LoRA adapter has a multiplicative scaling law between
the number of adapter parameters p and the base quality: C' = 0.453 p*-76* N0-228_ Base
quality can be expressed via the number of base parameter [V, number of pretraining tokens
T, or familiarity with the task NLL. Our best fit can predict the capacity of a (base,
pretraining, rank) combination of a held-out 1B within 36% error (Figure 3] Table[5).

Overtraining lifts capacity most for small bases. More pretraining tokens raise the
capacity of the same adapter, but there is diminishing return as the base grows, from 2x at
20M to 1.1x at 300M across the DataDecide checkpoints (Figure [3).

LoRA adapters grok slower than full finetuning. In the over-capacity regime, a fully
finetuned setup can grok much faster than a LoRA finetuning. At 20M on the synthetic set
a-+b mod 97, full finetuning crosses below chance-level loss within the first 5k steps, while
an adapter at » = 173 takes about 100k steps to reach a perfect validation score. On the
same setup, every rank up to 128 never crosses within 400k steps (Figure [4]).

Rank tracks data structure. The rank a task needs depends on its “structure” rather than
the amount of data. An algebraic rule, which is resistant to compression, requires a smallest
required rank r* = 9.3 d->" singular update directions, from 90.1% (173 out of 192) at
20M to 29.9% (614 out of 2048) at 1B. This is in contrast to PopQA, which requires as few
as 27 directions at every width (25x fewer), and concentrates trained updates in one to three
directions.

A simple method for finding the required rank *. On a budget, we can run full finetuning
or choose an arbitrary big rank and read the spectrum to determine the minimal rank that
can still reproduce facts (Algorithm I)).



<

% 5% (final) % x x x x x '@

g

= ()

5 ix GROK

X validation @ 100%

2 3% MEMORIZE

.5 fits the table, validation at chance x

g

§ 2%

& x

2 UNREACHED

:?‘: 1x X fits the table,

= e groks X fails ¢ full finetuning validation low

g 20M 150M 1B

] 0 | | |

o 1 4 16 64 256 1024
adapter rank 7 (log)

Figure 2: What decides grokking, at 20M. Every depth-1 a+b mod 97 run on adapter rank against
base pretraining, with the boundary drawn as a hypothesis. Left of it an adapter memorizes. Right
of it, it groks only on a base pretrained far enough, and below the curve the rule is representable
but unreached. The boundary’s height is measured at 20M only, between 2.6 x and 3.4 x Chinchilla.
The wall stays at 96 to 160 directions as the base widens (Figure k), so the ranks LoRA is used at,
r = 0.1d at the ticks for 20M, 150M and 1B, clear it near 1B.

2 Defining capacity

We treat capacity as compression, following Morris et al.| [2025]]. The information a trained model
6 holds about a datapoint x is the number of bits the model saves encoding it. This is measured as
H(z) — H(z | §), where H(z) is #’s own code length and H (z | ) is s code length as encoded
by the model. A code built from a model distribution spends — log, p bits on an outcome it assigns
probability p, making the bits encoded a negative log-likelihood, H (z: | §) = —log, p(z | 6). Since
this quantity conflates two contributions, information specific to = and representation of x in the
model, Morris et al. separate the latter by defining the unintended memorization as:

memy (z) = H(z | 0) — H(x | 0.0), M
and capacity is the largest total of it a model can hold over any training set, maxx )y memgy ().

Let a training set size D be X = {(g;,a;)}2, containing pairs of (query, answer). We can remove
generalization from Equation|[T]if we were to draw a; uniformly and independently from V" candidates.
The reference model 6 then becomes a uniform distribution that encodes every answer by the same
H(a; | 6) = log, V bits. Accordingly, the trained adapter spends H (a; | 0) = NLLy(a; | ¢;) to
encode a;. Equation[I|reduces to the difference of the two. Summing that over the training set gives
us:

D D
bits(D) = Y memp(a;) = Y. (10g2 V — NLLs(a; | qi)> , @)

i=1 i=1
as the bits the adapter stores out of the D log, V' amount of data. Different from the precedent work,
we do not cap the floor of a datapoint’s contribution at zero. If a fact cannot be recalled, the adapter’s
NLL on z exceeds log, V' and counts towards the sum as negative bits, which is what bends every
curve in Figure[T|back down past its peak, marked there by a hollow ring o.

In this setup, below some dataset size, we can reasonably expect the adapter to store every row and
the total bits to steadily climb the diagonal D log, V. Once storage saturates, bits might decrease as
new rows overwrite old ones. This forms the peak of our capacity,

C = mgx bits(D), D.=C/log,V, 3)

with D, the same number in rows, and we report C'/p over the adapter’s p trainable parameters.

Scaling law. Given relevant parameters, we can find a functional form that predict the storage
capacity of adapters C'(N, r). For instance, we can consider p trainable LoORA parameters set by



Table 1: Samples of synthetic facts, with answer token in bold.

Thunder % pirate = coconut random table fact
Kepler % Fern = heir a+b mod 97, trained: 45+13=58
Shakespeare % genius = Prophet trained: 374+10=47
= Fern % Kepler = heir held out, follows from the rule: 134+45=58

rank, IV base parameters, and base model quality, such as the number of pretrained tokens 7. On a
specific task, we can also proxy base quality with the initial loss on the task. Our hypothesis is that
the size of the low-rank weights and base quality can act multiplicatively in deciding capacity. We
also posit C'(N, ) to likely follow a power law C' oc p®N?. In Section and Table , we fit the law
on different free variable combinations and can predict capacity on the held-out 1B scale up to high
fidelity.

Grokking. Beyond storing raw knowledge, neural networks are powerful because of their ability to
generalize beyond seen data, giving them emergent capabilities. Let the answers now follow a rule,
a; = f(q;) for a fixed f such as a + b mod m, we can ask whether the model can answer queries
it has not seen. A model can fit the train rows in two ways, by storing them or by finding the rule,
and only the second can solve held-out rows. Grokking is the delayed transition from the first to the
second [Power et al.| [2022], in which training accuracy reaches 100% early while held-out accuracy
stays at chance for many steps before making the jump. We draw three hypotheses that decide
whether the transition happens. Morris et al. observe that grokking begins when the table exceeds
capacity, D log, V > C, forcing the only path of compressing the rules in order to fit more facts.
Under the representability hypothesis, the rule occupies some number of directions r*, and an adapter
of rank r < 7* < d (layer width) cannot physically represent. Under the reachability hypothesis,
rank is necessary but not sufficient, and an adapter finds the rule only on a base of sufficient quality.
We read the outcome from the held-out loss against the uniform value log, m. Below that value, the
model has learned parts of the rule; above it, the model has failed to grok. Figure|2| demonstrates the
three regimes in our experiments.

3 Experimental setup

In this section, we discuss the datasets and the model ladder we use to assess model memorization
and grokking capacity.

Synthetic (random) tables. The capacity ladders train on one shared random operation table,
rect(A, B, V), rows of the form a o b = ¢ where c is i.i.d. random. The A, B, V symbol blocks
are disjoint, so no symbol appears on both sides of a row and no row says anything about another.
Every answer has to be stored. We take each symbol as a single token sampled from the base’s own
vocabulary. This allows us to isolate memorization patterns from the fact that model might have
to learn new token embeddings. Our default dimension is rect(3000, 3000, 2000), giving us nine
million cells and 98.7 Mbit of text content. This scale provides enough headroom to evaluate capacity
at the 1B scale and big ranks, where operation format puts capacity and grokking in the same units.
Table|l|shows an example of the data.

Rule-based tables. The grokking experiments use modular addition, a + b = ¢ (mod m) with
m € {97,150, 200, 250} and half the table held out, mimicking the setting of [Power et al.|[2022].
These rows read exactly like the random table. The difference is that each symbol now stands for a
number and a single rule fixes every answer, so an adapter that has learned the rule can complete a
row it never saw, as the last line of Table[I] shows.

Real tasks. Beyond synthetic tables, we use two real datasets to comparatively measure the required
rank §5] PopQA [Mallen et al.| [2023]] is long-tail factual question answering, where each query names
an entity and the answer is a related fact. Additionally, the multilingual Aya collection [Singh et al.,
2024] is another natural test bed given that our base checkpoints are pretrained almost exclusively
on English. While both of these tasks do not demand as many representational ranks as rule-based



tables, they theoretically still inject almost entirely new knowledge via post-training. This condition
makes them desirable for our study.

Base models. Every base is a DataDecide OLMo checkpoint [Magnusson et al., [2025| |Groeneveld
et al.,[2024] on the dolmal. 7 data ablation recipe, six sizes from 20M to 1B spanning dy,oqe 192-2048.
Each of these base comes with intermediate checkpoints on a step grid with a final checkpoint at 5x
Chinchilla-optimal. DataDecide allows us to draw a connection to pretraining. Throughout the work,
we treat [V as the non-embedding parameter count and keep the base at bfloat16.

Applying adapters. LoRA is attached to all four projection groups of every block, including the
fused QKV and the LM head. The embeddings and layernorms remain frozen.

Training. Every run uses answer-token loss. Capacity cells train for 200 epochs at batch 512 and
run a ladder of dataset sizes placed at multiples of the cell’s own predicted capacity, from 0.03x to
30x. Rule-learning cells use the optimizer of Power et al.|[2022] verbatim, run up to 400k steps and
evaluate every 500, and full finetuning with frozen embeddings and layernorms runs at every cell as a
control. We list all hyperparameters in Appendix [A]

4 Results

4.1 Capacity peaks

Every cell taken far enough past its capacity turns over and loses 14 to 36% of its stored bits (Figure|T).
The decline is real in absolute bits, not only per parameter, and it becomes visible only past about
10x capacity, which is why an earlier reading of the region as a plateau held over its range. Handing
an adapter more data past its peak costs stored bits.

4.2 The capacity law
Taking each curve’s peak as that cell’s capacity and fitting in log space gives
C = 0.453.p%764. NO-228 R? = 0.990 4)

on twenty-two saturated cells across all six base sizes (Figure[3), the multiplicative form of §2| The
adapter is the store. Doubling its parameters buys about 1.7x the bits, and the exponent holds over a
16 x range of rank. The base is a multiplier with less than a third of that exponent, so a better base
lifts every adapter on it but does not stand in for adapter parameters. Fitted without the 1B cells,
the law places them within 36%. In density, saturated adapters store 0.45 to 1.89 bits per parameter,
about a third of the 3.6 that Morris et al.| [2025]] measure for full models.

Base size is the quality variable that belongs in the law. Within one size, more pretraining adds
capacity, most for the weakest base (Figure [3p), but pretraining tokens and the base’s own loss add no
out-of-sample lift once NV is in the fit, and every form without a p term fails (Table[5] Appendix [F).

4.3 Capacity does not decide grokking

Under the capacity hypothesis, generalization should begin once the table no longer fits. We observe
no such behavior. Across three capacity regimes at 20M rank 1, D/D,. from 0.23 to 1.85, six base
sizes and five pretraining checkpoints, every LoRA cell sat at or below 2.1% against chance while
full finetuning reached 99.4 to 100% on 35 of 37 experiments on the same tables. The held-out loss
tells a similar story: it falls from 19.7 bits to 7.0 and stops within 0.06 to 0.08 bits of uniform at every
size and rank, meaning none of the rules were learned. The minimum comes at the first evaluation,
after which held-out loss climbs to 13 to 16 bits while training loss goes to zero, so the adapter is
memorizing rather than learning the rule slowly. The failure is not an artifact of the setup. Unfreezing
the embeddings leaves the adapter at 1.3%, handing it every layernorm parameter leaves it at 1.0 to
1.7% over 48k steps, and budgets of 100k to 300k steps run 5 to 15 times past the step at which full
finetuning generalizes.
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Figure 3: The capacity law, adapter storage times base quality. (a) Capacity against pretraining
compute for , 150M and 300M at different ranks (gradient). Every slope is small and positive
and the lift is largest for the weakest base. (b) Folding adapter size p, base size /N and pretraining
tokens 7" into one effective size collapses all 82 cells onto one power law. We can predict the held-out
1B (checkpoint, rank) within 48%.

4.4 The rank wall

What is left is representability. At 20M, adapters at m = 97 with ranks 16 through 128 fit their
table yet bottom out above uniform, and generalization switches on between r = 128 and » = 160
(Figure ). At that width 160 directions is 0.83 d, nearly the whole model, but wider bases move the
width and not the wall (Figure k). At 60M every rank from 96 up groks, and at 150M r = 96 fits
and never generalizes while = 160 and 320 grok and hold. The rule fixes the number of directions
it needs, 96 to 160 at every width tried, and width sets what fraction of the budget that is. The
ranks LoRA is used at, near » = 0.1 d, rise with width and cross the wall between 530M and 1B
by extrapolation. Truncating full finetuning’s own solution reads higher, 173 to 614 directions from
20M to 1B on a+b mod 150 with r* = 9.3 d*57 (Algorithm [1), because full finetuning spreads its
solution across whatever width it has, so it bounds the requirement from above. The claim rests on
one rule at three widths, and no adapter grokked the m = 150 tables at any rank tried.

4.5 The pretraining threshold

Representability is necessary and not sufficient. Up the r = 173 column of Figure[2] the same adapter
on the same table fails on bases pretrained to 17%, 34% and 51% of the 20M run and groks and holds
from 69% on. Once both conditions are met, the speed at which model can grok is set by headroom
(Figure ). Full finetuning reaches the rule within 3k to 4k steps at every base width, while an
adapter just above the wall requires 100k to 300k steps. The delay falls with rank above the wall and
with width at fixed rank.

Weight decay is not what keeps the grok, since every value from 0 to 1 groks and holds at 20M.
Two things do lose it. Deep LoRA [Yaras et al.| 2024], a three-matrix factorization with a stronger
low-rank bias, groks at the same rank and then collapses, and so does the most generous rank we
tried, r = 640 at 150M. Appendix [E]shows the same sweeps in train loss, which rules out underfitting
as the alternative reading.

4.6 Real tasks

Real tasks live far below the wall. PopQA needs 27 to 41 directions flat across a 10.7x range of width,
and a rank sweep moves its held-out gain by under 7% across a 16x rank change. That distance from
the wall, not capacity, is plausibly why low-rank adaptation works in production. The same split
shows up inside the updates. Every real-task update we measured, multilingual injection, multitask
instruction following [Wang et al.|[2022] and long-tail factual QA, settles at an effective rank of 1 to 3,
while random-fact memorization spreads across every direction it is given (Figure 5p). Memorization
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Figure 4: The two thresholds, and the speed of the grok, on a+b mod 97. Below the uniform line the
LoRA adapter successfully groks the rules, above it the model has not reached grokking. (a) On the
fully pretrained 20M base, ranks 16 through 128 memorize their random fact table yet bottom out
above uniform, and only and 173 drop to zero and stay. Full finetuning groks the fastest.
(b) By base checkpoint at » = 173. The recipe groks from a base pretrained to step 10k+ and fails
at 5. (c) The number of steps required to reach held-out accuracy at 90%. Full finetuning takes a
few thousand at every model width. Adapters can grok between 100k-300k steps, with the delay
shrinking with more headroom and more width, to 60M to 150M. The hollow marker represents
r = 640 at 150M, which groks at 10k but eventually drifts back off the rule.

fills ranks and generalization does not, and truncating a skill’s adapter to rank 1 keeps essentially all
of its gain where truncating a memorization adapter costs bits at every discarded direction.

4.7 Identify where the bits live

We attribute storage by ablation, adapting one matrix group at a time at rank 16 and running each
through the capacity protocol (Figure[6] Appendix[C). The MLP pair holds essentially all the bits,
while attention and the LM head store close to zero on their own, and the LM head is a large share of
the parameters at small sizes, 45% at 20M against 7% at 1B. Counting projection parameters alone
flattens the spread in bits per parameter across sizes from about 80% to about 14%. This means the
apparent effectiveness of base size is mostly the LM head that is heavy in the number of params, but
store few bits.

5 Finding the required rank

Section ] showed two ways an adapter fails. Below the rank wall it cannot represent the rule. Above
it, on a base without enough pretraining, it can represent the rule but not fully internalize it. Full
finetuning provides the ceiling. It is the same update at full rank, and what it learns is the most an
adapter on this base can learn. We train it once, take its converged update AW™ on the matrices LoRA
would adapt, and truncate it by SVD to each rank . The required rank r* reported in Section[dis the
smallest r at which the truncated update still solves the task (Algorithm [I). By Eckart-Young-Mirsky,
the top-r truncation is the best rank-r approximation, so a surviving truncation proves that a rank-r
adapter holds a solution whether or not training would reach it. Two cautions. A run that finds the
rule can lose it later, so the update is taken at the best held-out step, and reinserted at full rank it must
reproduce the run’s own accuracy. On real tasks, whose targets are multi-token, r* is the smallest
rank keeping 90% of the held-out loss gain.

Figure 5] shows what the method returns. On the rule the required rank rises with width, from 173
directions at 20M to 614 at 1B, because full finetuning spreads its solution across whatever width it
has, while on PopQA it stays at 27 to 41 directions across a 10.7x range of width, a 6 to 25x gap.
Panel (b) shows the same split from inside trained adapters. Every real task puts its update into one or
two directions, at effective rank 1.5 to 2.1, while random-fact memorization spreads across all sixteen
it is given, so the rank a task needs and the rank an adapter uses agree on which regime a task is in.



Algorithm 1 The required rank * of a task, from one full finetuning run
Require: base W), task with held-out metric A, rank grid R

1: {AWt} — FULLFINETUNE(W()) AW =LoRA set at max rank
2. AW™* AWt* tr = arg maxg A(Wo + AWt) arun can lose the rule late; take its best held-out step
3: assert A(WO + AW*) ~ Arun full-rank reinsert must reproduce the run
4: forr € R do

S: .AT — A(WO + SVDT (AW*)) Eckart—Young: best rank-r solution, no retraining
6: end for

7: return r* = min{r : A, > %} keep smallest

(b) spectrum of a trained rank-16 adapter
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Figure 5: (a) The smallest rank at which a truncated full-finetuning update still solves the task, for the
modular rule and for PopQA, by base width. (b) Singular-value spectra of trained rank-16 updates,
averaged over the 65 adapted matrices; effective ranks are in parentheses. Random fact memorization
spreads across all sixteen directions, while real tasks live in the first one or two directions.

The recipe follows. Train once at a generous rank, read the spectrum, truncate to 7*, and spend what
is saved on data and the base.

6 Related work

Morris et al.|[2025] define capacity in bits and measure LLMs to store near 3.6 per parameter, with
generalization beginning once the dataset exceeds capacity. This framing inspires our investigation
into LoRA adapters, but we depart on the reference model (§|z[); Allen-Zhu and Li [2025]] reach about
2 bits per parameter by an independent route.

On the adapter side, LoRA is Hu et al.|[2022]], and the observation that finetuning has a tiny intrinsic
dimension goes back to|Aghajanyan et al.|[2021]. [Biderman et al.|[2024] find LoRA learns less than
full finetuning on knowledge-heavy tasks, which our spectrum reading places in the memorization
regime, and Zeng and Lee|[2024] characterize what low rank can express, but neither gives a stored-
information figure. |Schulman and Thinking Machines Lab [2025]] map the regime where LoRA
matches full finetuning; our width result says rule learning leaves it only when the base is too narrow
to spare the rule its fixed count of directions, and their product-of-matrices dynamics may bear on
why a deeper factorization’s grok collapses where the two-matrix adapter’s holds. [Busbridge et al.
[2025]]’s capacity gap, a student capped by its fixed teacher, is the shape our law takes.

The grokking tasks and optimizer come from Power et al.[[2022], though our regime is not theirs, with
delay factors of 3.1 to 20 against their roughly 1000 on bases that are pretrained rather than initialized
from scratch. Nanda et al.|[2023]] show structure forming during the flat plateau, reminding us to
have a long patience for flat validation before model could realize grokking. We leverage DataDecide
[Magnusson et al., 2025] OLMo models [Groeneveld et al.,2024] in this work.



7 Conclusion

Our work studies the capacity of a LoRA adapter to store and grok. We find that LoRA adapters can
generalize given an adequate condition of both rank dimension and base model quality, although this
regime is highly sensitive. In memorization bits, adapters reach for peak rather than maintaining a
ceiling, and follow a multiplicative law in which the {A, B} matrices carry about three times the
exponent of the base size. This means the contribution of pretraining is helpful but also modest in
improving LoRA capacity. Whether a task fits in low rank is decided by the structure of the task,
and that structure sets a count of directions required for an effective post-training setup. In practice,
real tasks settle into very few directions and can survive aggressive truncation compared to random
algebraic rules, legitimizing low-rank reparameterization of full finetuning. Instead of cost-saving
measures that involve reducing LoRA ranks, the budget should instead be spent on the data and on
improving base model quality.
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Table 2: The base-model ladder.

Base dmoder  Layers  Non-embed params (16d2L)  Vocab  Pretraining tokens  Precision

20M 192 16 9,437,184 50,304 19B bf16
60M 384 16 37,748,736 50,304 5.7B bf16
150M 768 12 113,246,208 50,304 15.0B bf16
300M 1024 16 268,435,456 50,304 30.0B bf16
530M 1344 16 462,422,016 50,304 53.0B bf16
1B 2048 16 1,073,741,824 50,304 100.0 B bf16

Table 3: Hyperparameters for the two measurement families.

Setting Capacity measurement Rule learning

Table rect (3000, 3000, 2000), random  a+b mod m

LoRA ranks 1,4,8,16 swept to locate r* (1 to 640), r = 16 across small m
LoRA « 1.0 (/T =1/7) r (a/r=1)

Target modules  fused QKYV, attention out, MLP up/gate, MLP down, LM head

Precision bf16 base, fp32 adapter

Sequence one equation per row, query = 6 tokens, 1 answer token scored

Loss answer token only

Batch 512 rows 512 equations

Optimizer AdamW, betas (0.9, 0.95) AdamW, betas (0.9, 0.98)

Learning rate 3x1073 1073

Weight decay 0.1 1.0

LR schedule cosine to 1r/10 constant, 10-step warmup

Budget 200 epochs up to 400k steps, eval every 500

Grad clip 1.0 1.0

Symbols (V') 2000 values m (modulus)

Frozen entire base; the full-FT control instead freezes only embeddings and layernorms
Seed 42 42

A Base models and hyperparameters

Bases are the DataDecide dolmal_7 OLMo ladder with the GPT-NeoX 50k tokenizer (Table [2)),
loaded at the final pretraining checkpoint unless a token-axis sweep names an earlier one. Non-
embedding parameters are the four projections per block, 1642 L, and bases load in bf16 with adapter
parameters in fp32. Table[3] gives the recipe for both measurement families.

B Loss computation

The choice of SFT loss alone can move the headline from 0.05 to 0.44 bits per parameter to 1.5 at the
same cell. Table[z_f]isolates it at 150M, rank 1, matched at every dataset size, crossing the training loss
with the number of relations in the pool.

Table 4: Bits per adapter parameter at 150M, rank 1, matched at every dataset size. Sequence loss
undercounts storage by 3.4 x and invents a 3.2 x effect of relation count that answer loss shows is not
there.

training loss definition 20 relations 800 relations  ratio
whole sequence  — Ef:l logp(xe | T<t) 0.444 0.137 3.24x
answer token —logp(a | q) 1.521 1.574 0.97x
ratio 3.43x 11.5x%

A row carries log, 4000 ~ 12 bits at its value. Under sequence loss the model also fits the entity,
another 12 bits, and the relation, 4.3 or 9.6 bits, so most of the gradient goes to tokens that never
reach the metric. Answer loss removes the effect, and with it relation count changes capacity by 3%.
Every capacity number in this paper is trained and read at the answer token.
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(a) share of adapter parameters (b) share of peak memorized bits
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Figure 6: The allocation of LoRA’s parameters responsible for storing the bits. Each matrix group
ablation is run at rank 16. The MLP pair holds essentially all the bits while attention and the LM
head store close to none. The LM head is a large share of the parameters at small sizes.

C Where the bits live, by matrix group

Figure[6]is the single-group ablation of §4.7] each matrix group adapted alone at rank 16.

D Spectral analyses of the trained updates

Each update decomposes by SVD, AW = 3. o;u;v; , and the shape of the o; says how the adapter
spent its rank. We normalize the sixteen singular values of each rank-16 update to sum to one,
average over the 65 adapted matrices, and summarize each spectrum by its effective rank, the
perplexity exp(— >, p; log p;) of the normalized values. The tasks are PopQA [Mallen et al.l 2023],
eight Super-NaturalInstructions tasks 2022, and Swahili, German and eight-language
injection drawn from the Aya collection 2024]). Every real task piles onto the first one or
two directions, effective rank 1.5 to 2.1, while random-fact memorization spreads across all sixteen at
14.1 (Figure[5p). The eight-language adapter lands at 1.5, so the languages share one correction.

E Grokking in train and held-out loss

The two 20M sweeps of §4.4]and §4.3]in both train and held-out loss (Figure[7). Train loss reaches
zero everywhere, so every setting stores the table, and only the held-out loss separates them. Figure|§]
repeats the rank sweep at 60M and 150M, the runs behind Figure fk.

F The full fit comparison

Table 5] fits every combination of the candidate drivers of the capacity law with 1B held out, the
backing for p - N in §4.2
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(a) by adapter rank, fully pretrained base

(b) by base pretraining step, r = 173
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Figure 7: Every adapter fits its training half but does not always generalize. We show two 20M

sweeps of Figure[]in train NLL (dotted) and held-

out NLL (solid). Train loss reaches zero within a

few thousand steps at every rank and every checkpoint, and only held-out loss separates the settings,

closing for

(a) 60M, d = 384: every rank from 96 up groks
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and 173 and for bases pretrained past step 10k.

(b) 150M, d = 768: the wall is still near 100 to 160
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Figure 8: The rank wall on wider bases, held-out NLL on a+b mod 97. (a) At 60M every rank
from 96 up groks, so the wall is at or below 96 directions. (b) At 150M » = 90 never leaves the

confidently-wrong band while
and drifts back.
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Table 5: Which proxy for base quality belongs in the capacity law. Each form is fit in log space with
1B held out; the cells column gives the split, and T forms are fit on the token-axis ladders together
with the finals, so in-fit R? compares only within a block. p - IV is the simplest form that generalizes,
and every form without a storage term collapses.

Terms in the fit  Fitted law Cells (fit + held) In-fit R 1B held out
Adapter storage alone

P C =4.71. p0-902 19+3 0.922 55%
Storage X base-quality proxy

p- N (chosen) C = 0.453.p0-764. y0.228 19+3 0.990 36%
p- N -NLL C =1.1x10"12.p0.765 . N0.212 N1 ],9.093 19+3 0.992 36%
p - NLL C = 4.0x10733 . p0-875 . NLL,25-727 19+3 0.942 32%
p-N-T C =0.0449 . p0-720 . N0.277 . 70.080 77+5 0.986 48%
p-T C =0.132 . p0-857 . 70.168 77+5 0.919 41%
p-N-NLL-T C =0.185.p0720. y0.275 . N,],—0-508 . 770.085 77+5 0.986 48%
Base-quality proxies alone, no storage

N C =71-N0534 19+3 0.486 301%
N -NLL C = 6.4x10710 . N0-518 . N[,[,8-646 19+3 0.488 317%
N.-T C =0.813 - N0-603 . 70.123 77+5 0.572 317%
NLL C =9.8x10~72 . NLL59-751 19+3 0.110 518%
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